Heat conduction in two joint half-lines is considered under the condition of perfect contact, i.e. when the temperatures at the contact point and the heat fluxes through the contact point are the same for both regions. The heat conduction in one half-line is described by the equation with the Caputo time-fractional derivative of order α, whereas heat conduction in another half 
Introduction
The classical theory of heat conduction is based on the Fourier law
where q is the heat flux vector, T denotes the temperature, and is the thermal conductivity. In combination with the law of conservation of energy, the standard Fourier law results in the parabolic heat conduction equation.
It is well known that from the mathematical viewpoint, the Fourier law in the theory of heat conduction and the Fick law in the theory of diffusion, are identical. In this paper we discuss heat conduction, but it is obvious that the discussion also concerns diffusion. The time-nonlocal dependence between the heat flux vector and a temperature gradient with the "long-tail" power kernel [1] [2] [3] [4] can be interpreted in terms of fractional calculus:
Here It should be noted that in fractional calculus, where integrals and derivatives of arbitrary (not integer) order are considered, there is no sharp boundary between integration and differentiation. For this reason, some authors [7, 9] do not use a separate notation for the fractional integral (2) and (3) can be rewritten as one dependence
In combination with the law of concervation of energy, the constitutive equation (6) leads to the time fractional heat conduction equation
with the Caputo fractional derivative
The details of obtaining the time-fractional heat conduction equation (7) from the constitutive equation (6) can be found in [10] . In the case 0 < α < 1, the fractional heat conduction equation interpolates the elliptic Helmholtz equation (α → 0) and the parabolic heat conduction equation (α = 1). When 1 < α < 2, the fractional heat conduction equation interpolates the standard heat conduction equation (α = 1) and the hyperbolic wave equation (α = 2).
Starting from the pioneering papers [11] [12] [13] [14] [15] , considerable interest has been shown in solutions to Eq. (7). Different kinds of boundary conditions for time-fractional heat conduction equation were analysed in [16, 17] . If the surfaces of two solids are in perfect thermal contact, the temperatures on the contact surface and the heat fluxes through the contact surface are the same for both solids, and we obtain the boundary conditions of the fourth kind:
where the subscripts 1 and 2 refer to solids 1 and 2, respectively, and is the common normal at the contact surface. To the best of our knowledge, no prior solutions of the fractional heat conduction (diffusion) equation in composite media have been obtained. In the previous paper [17] , the problem of fractional heat conduction in two semiinfinite regions, > 0 and < 0, was considered. The heat conduction in the region > 0 was described by the heat conduction equation with the Caputo time-fractional derivative of order α, whereas the heat conduction in the region < 0 was described by the heat conduction equation with the derivative of order β. A particular case of initial condition was investigated where the region > 0 was at initial uniform temperature T 0 and the region < 0 was at initial zero temperature. In the present paper, the fundamental solutions to the first and second Cauchy problems as well as to the source problem are obtained using the Laplace transform with respect to time and the cos-Fourier transform with respect to the spatial coordinate . The fundamental solutions are expressed in terms of the Mittag-Leffler function and the Mainardi function.
Preliminaries
Recall the Laplace transform rules for fractional integrals and derivatives [6] [7] [8] :
Here is the Laplace transform variable, and the asterisk denotes the transform.
In what follows we shall use the cos-Fourier transforms (denoted by the tilde) for the region > 0:
−1
and for the region < 0:
The Mittag-Leffler function in one parameter α [6] [7] [8] :
provides a generalization of the exponential function. The Mittag-Leffler type function in two parameters α and β [6] [7] [8] is described by the following series representation:
The essential role of the Mittag-Leffler functions in fractional calculus results from the formula for the inverse Laplace transform [7] :
The Wright function is defined as [7, 8, 14, 15, 18 ]
The Wright function is a generalization of the exponential function and the Bessel functions. The Mainardi function [7, 14, 15 ] M(α; ) is a particular case of the Wright function:
(24) The Mainardi and Wright functions appear in the formulae for the inverse Laplace transform (see [14, 15, [19] [20] [21] [22] [23] ):
The Mittag-Leffler function and the Mainardi function are related by the pair of the cos-Fourier transform:
Similarly,
Statement of the problem
The general mathematical formulation of the problem is stated as follows: to solve the time-fractional heat conduction equations:
under the initial conditions:
and the boundary conditions of perfect thermal contact
41) which state that two bodies in contact must have the same temperature at the contact point and the heat fluxes through the contact point must be the same. It should be emphasized that the equation for the heat flux (6) is formulated in terms of the Riemann-Liouville derivative, but such a constitutive equation results in the heat conduction equation with the Caputo derivative. For this reason, in Eqs. (42) and (43) there appear the fractional Caputo derivatives, but in the condition of perfect thermal contact (41) we have the Riemann-Liouville fractional derivatives (see also [10] ).
The fundamental solution to the first Cauchy problem
In this case the following initial-boundary-value problem is solved:
under the initial conditions = 0 :
For the sake of convenience and to obtain the nondimensional quantities used in the calculations we have introduced the constant multiplier 0 in Eq. (44). The boundary condition of perfect thermal contact (41) is rewritten as
(49) where ( ) is the unknown function which should be found from the condition (40) (see below). The Laplace transform with respect to time (for simplicity neglecting the initial value of the temperature gradient) and the cos-Fourier transforms (14) and (17) with respect to the spatial coordinates > 0 and < 0 givẽ
Inversion of the cos-Fourier transform, taking into account that [24] 
results in: 
Invertion of the Laplace transform in (55) depends on relation between the orders α and β. For α < β we have
where
For α > β we obtain
Inversion of the Laplace transform, taking into account (26), produces:
Let us consider several particular cases of the obtained solution. For α = β we have
in particular, for α = β = 2:
For α = 1, β = 2, we get:
where erfc ( ) is the complementary error function. When α = 2, β = 1, we arrive at: 
The fundamental solution to the second Cauchy problem
Now we solve the following initial-boundary-value problem: under the initial conditions:
and the conditions of perfect contact (40) and (41) stating the equality of temperatures and fluxes at the contact point.
It should be emphasized that the second Cauchy problem for the fractional heat conduction equation (69) in the domain > 0 is formulated for 1 < α ≤ 2, whereas in the general case heat conduction in the domain < 0 can occur not only for 1 < β ≤ 2, but also for 0 < β ≤ 1. The solution is obtained in a similar manner and reads:
for α < β and
for α > β.
In particular, if α = β, then:
If α = β = 2, then: 
The fundamental solution to the source problem
Consider the time-fractional heat conduction equation with the source term: under the zero initial conditions:
= 0 :
and the conditions of perfect contact (40) and (41) stating that at the contact point = 0 the temperatures are equal and the heat fluxes are the same.
The solution has the following form:
It is evident that in the case α = β = 2 the solutions to the second Cauchy problem and to the source problem coincide and are described by (81) and (82). For α = 1 and β = 2 the solution to the source problem coincides with the corresponding solution (64), (65) to the first Cauchy problem.
In the case α = 2, β = 1, we get:
Dependence of the fundamental solution to the source problemT = ρ 1−α T / 0 on distance¯ = /ρ is depicted 
Conclusion
We have investigated the fundamental solutions of the time-fractional heat conduction equations with different orders of time derivatives in a composite medium consisting of two regions in perfect thermal contact. The Laplace transform with respect to time and the cos-Fourier transform with respect to the spatial coordinate have been used. The fundamental solutions are expressed in terms of the function ( ) describing the heat flux at the boundary. The function ( ) has been found from the condition that the temperatures at the contact point are the same for both solids (the condition of perfect thermal contact). We have considered the fundamental solution in the case when delta function terms appear in the region > 0. Solutions for problems with delta function terms in the region < 0 can be obtained in similar manner (by changing α and β and the indices 1 and 2). The parameter κ describes the non-dimensional time. In the case of the wave equation (α = 2) the values 0 < κ < 1, κ = 1 and 1 < κ correspond to three characteristic events: the wave front has not yet arrived at the contact point, the wave front has arrived at the contact point, and the wave front has reflected from the contact point for > 0 and has transmitted into the domain < 0. For the same orders of time-derivative (α = β), it is worth comparing the results of the present paper and the corresponding results for the uniform line (see Fig. 1 from [1] and Fig. 1 from [25] ). The results are similar, but for two joint half-lines the corresponding curves have jogs at the contact point = 0. When α = β = 2, the fundamental solutions to the second Cauchy problem and to the source problem coincide, but with 1 < α < 2 increasing and approaching 2 approximation of this solution occurs in quite different ways. It should be emphasized that in the case of the second Cauchy problem 1 < α ≤ 2, whereas in the case of the source problem 0 < α ≤ 2 (compare Figs. (4) and (6) and Figs. (5) and (7), respectively).
